In the following sections we first develop the formulas relevant to the behavior of powerlimited cooling systems; we limit our treatment throughout to the case of systems which cool the transverse phase space of the beam. We then discuss the implications of our results for the upgrade of such cooling systems, contrasting this case with that for systems in which the electronic gain can be optimized. Finally, we apply our results to the specific case of the Fermilab debuncher ring.
Formulary tor Power-Limited Systems
The usual expression for the cooling rate of a stochastic cooling system is [1] ! = W [29_ g 2(M+U)] (1) t N whereg, is usually referred to as the 'system gain; in a transverse cooling system, it represents the fraction of the beam-sample centroid error corrected in a single pass through the pickup and kicker. The usual procedure is to minimize t by setting g = 1/(M+U), its optimum value, thereby yielding the familiar result 1 W -= .,-,--,-,----,-,-toP! N (M+ U) ( 2) One can formally express the system gain as g= g·G (3 ) where G represents the electronic (voltage) amplification, and 9 includes everything else (Le. pickups, kickers, external circuit losses, etc.). Expressing 9 in terms of the various system parameters, we have 
The quantity G 1im is simply the square root of Pout /P in , where Pout is the maximum available output power, and Pin is -the sum of the noise and signal power at the input, which can also be expressed as (1 + U-1) times the input noise power. Expressing the latter in terms of T A and T AJ .-
...
the equivalent noise temperatures of the input circuit and preamplifier, respectively we have
where W is the electronic bandwidth. Substituting Eqs. 4 and 9 in 7b, we obtain
If one has already calculated 'topt one can now use Eq. 7a to obtain
To calculate the ratio directly, we combine Eqs. 4, 8, and 9 to obtain
To evaluate either Eq. 2 or 9, we use for the noise-to-signal ratio U the expression
(11 a)
where a p is the voltage attenuation factor for the external pickup electronics, and the average emittance "£ is defined by the relation
where i3 x is the beta function at the pickup, and for a (2-dimensional) Gaussian emittance distribution, "£ '" £.95/3. Note that in the limit that U»M, N (M+U) ... NU, and so in this limit (14) Finally, to evaluate the ability of a system to cool a beam from an initial emittance ej to a final emittance ef' one can make use of the relation d£ dt
't to calculate the total cooling time T ICI .
T,,, --f '~(£1d£
·>General Conclusions
Several striking conclusions can be drawn from the above results. Most of these concern the desirability of increasing the bandwidth of the cooling system by raising the operating frequency range. However, before discussing these, let us review the situation for systems which are not power limited.
Based on Eq. 2, which applies to such non-power-limited systems, raising the frequency is clearly desirable, at least in principle. Let us assume for definiteness that we have a cooling system which operates over a one-octave frequency range, and we seek to double the bandwidth by doubling the mid-band frequency. If the system is mixing-limited, in addition to the factor of 2 improvement in W, an additional factor of two results from halving M.
A similar additional factor is usually obtained for noise-limited systems as well. Under the combined assumptions that the length of individual pickup elements is proportional to the operating frequency, that it is possible to preserve the same pickup impedance for the higher frequency electrodes, and that the total space available for electrodes remains unchanged, doubling the operating frequency permits a doubling of the number of electrodes, and hence a halving of U and a doubling of the cooling rate. In practice, this gain is partially offset by the increases in the preamplifier noise temperature and external circuit attenuation which accompany an increase in operating frequency. Hence overall, the cooling rate increases proportional to something between the first and second power of fe.
Let us now turn our attention to the power-limited system. From Eq. 6b, we see that the quantity which best characterizes the performance of such a system is t p ' which is defined by Eq. 7a, and is most easily calculable ,using Eq. 10. For G lim IGopt <C 1, the power-limited cooling rate 'tfim.1 is simply given by 2·t p -1 ; as the gain ratio approaches unity (as for example, the beam cools).
the rate falls by a factor of 2 to tp-1 , while at the same time topt approaches tp. As the ratio exceeds unity, the system is of course no longer power limited, and the maximum COOling rate is determined by t opt from Eq. 2. The situation is illustrated in Rg. 1, where we have replaced tlim by t opt in the region where the gain ratio would exceed unity.
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Emittance/7t (mm-mrad)
Once one has calculated both 't p and 't opt ' one can easily calculate G lim /G opt using Eq. 11 a to obtain 'tlim from Eq. 6b. One then integrates Eq. 16 numerically to determine the total cooling time from ci to cf' If, in the course of cooling, the emittance is reduced sufficiently that the system emerges from its power limited condition (see Fig.1 ), then, when integrating in Eq. 16, one uses the same procedure as used in graphing Fig.1 , Le. taking 't(e) to be 'trim for Glim/Gopt <1, and to be 'topt for Grim/Gopt >1, The results of a set of such calculations are given in the following section for the Fermilab debuncher ring under a variety of cooling "scenarios;" however, before discussing them in detail, it is worthwhile to consider the systematic trends implied by the above equations.
Using't p -1 as our figure of merit, we see from Eq. 10 that most, if not all, the advantage in going to higher frequency is lost when the system is power-limited. The doubling of nA made possible by the reduced electrode length is o11set by the factor of fB in the denominator, which arises from the 1/f dependence of the kicker constant (this is based on the reasonable assumption that it is the transfer impedance, rather than the kicker constant, which one can preserve when raising the frequency). Also, because Grim decreases as W-1 / 2 due to the increased noise bandwidth at higher frequency, the explicit W-dependence Of't p -1 is as the onehalf power, rather than the usual linear one. Moreover, this improvement is likely to be at least partly offset (possibly even more than offset) by increases in attenuation and amplifier noise which usually characterize a frequency increase.
To improve the performance of power-limited systems, then, in most cases one must either increase the available amplifier power, decrease the input noise power, increase the detector impedance, or increase the number of arrays, presumably by managing to increase the longitudinal density of the pickups (by means otherthan raising the frequency). The first two of these are being undertaken by Fermilab and the third is a goal which has been pursued for nonpower-limited systems as well, more or less continually.1 We have recently managed to achieve the fourth as the serendipitous outcome of an effort to deSign a higher frequency pickup [1] ; as with the increase in impedance, this factor will improve the performance of non-power-limited (albeit noise-limited) systems as well. (It might seem that reduction of input noise would benefit such systems as well; however, some schemes for doing this, such as the use of notch filters to eliminate interband noise, benefit only power-limited systems.)
As noted above, it may be possible that the cooling of the beam causes the system's operating range to span both the power-limited and noise-limited regimes; this, as we shall see, is the case for the debuncher in its proposed upgrade mode. For such systems, the situation is a bit more complicated. At first glance, it might seem that for such a system, doubling the operating frequency, which as we have noted will yield little or no improvement in 't p ' will leave the cooling rate unaffected, at least in the power-limited portion of the cycle. However, because of the additional factor of 2-G rim /G opt in the expression for 'trim (Eq. 6b), an improvement is in fact realized.
The situation is seen most easily by referring to Fig. 1 . Because doubling the frequency results in increasing 't opt -1 by something like a factor of four, the curve for 't opt -1 for the higher frequency system would lie above the one shown and, even assuming no improvement in't p ' its intersection with the 't opt -1 would occur at a lower (less than half as great) emittance. Therefore not only would the value of 'tlim -1 be larger (Le., more nearly equal to 2 't p -1 ) initially, but it would remain larger out to smaller values of emittance. (Beyond the intersection point, of course, the cooling rate would be improved by the full factor of ==4.) Hence, such a system can benefit from a doubling of the operating frequency, albeit by less than would a completely non-power-limited one.
We should note that there is actually a fifth approach for improving the performance of systems which are power-limited over their entire operating range. It is often possible to increase the impedance of a detector, at the expense of either increased length or reduced bandwidth, Le. under the constraint that Z2W/ L -Z2wnL remain constant. (CERN has, for other reasons, done something similar by making series-pairs out of its stripline loops, thereby roughly doubling both impedance and length, and halving bandwidth.) Since this product is also the figure of merit for a noise-limited cooling system, increasing Z in this manner does not improve the performance of such a system. On the other hand, for a power-limited system, in which the cooling rate increases only as the square root of the bandwidth, increasing the detector impedance in this fashion would result in a net performance gain.
Finally, we note the following subtle difference for a power limited system-the scaling of cooling time with beam emittance. Suppose that one wished to accomodate a beam of larger initial emittance by increasing the electrode gap as reo Since ZL' decreases as the reciprocal of the gap, Eq. 12 shows that for the two geometries, U would be the same when the beam had the same fraction of its inital emittance. Hence from Eq. 1 we see that for the non-power-limited system, the total cooling time to a given fraction of the initial emittance is unaffected by the scaling.
On the other hand, for power-limited systems, the scaled system comes off worse in two regards: Rrstly, during the power-limited part of the cooling cycle, the cooling rate is lower; secondly, the point at which the system emerges from being power-limited depends on the absolute. emittance, and not on the fraction of the initial emittance. The former result can be deduced from Eq. 10, where we see that 't p depends only on ZL', and not on the beam emittance. To deduce the latter result, note that emergence from the power-limited condition occurs at the point that Glim/Gopt = 1. In the limit that U»M, Eq. 14 shows that this point depends only on the emittance, and not on ZL'; in fact if one examines the more general expression, Eq. 11 b, one sees that to second order, the emittance at which Glim/Gopt = 1 decreases slightly as ZL' becomes smaller.
The latter result implies that for the system with the larger emittance, a lower cooling rate will be experienced over a larger portion of the cooling cycle; therefore the total time required to reach the same fraction of the initial impedance will be greater.
Application to the pebuncher Upgrade
We now consider how the above results apply to the proposed upgrade of the Fermilab debuncher ring. The present debuncher is required to cool a beam of 10 7 particles from an rms emittance of 207tl3 to 77t13, in a cycling time of two seconds. The goal for the long-term improvement is to be able to cool a beam of 4 x 10 7 particles from 207tl3 to 21t/3 2 in a cycling time of .75 sec.
Two improvements in the existing electronics are currently being undertaken to ameliorate the severely power-limited condition of the present system. By themselves, they will not suffice to meet the above goals. The first is a straightforward increase in the maximum power available by doubling the number of output TWrs in the transverse cooling system. The second the introduction of a notch filter in the low-level electronics to suppress the noise signal in between the betatron sidebands. The effect of this filter is ideally to reduce the noise bandwidth in the expression for Grim by a factor of 2; note that because it supresses the noise only at frequencies at which the noise does not heat the beam, this change leaves the value of U unaffected (however, the signal power term in Eq. 9 must now be changed from 1/U to 2/U). In considering the effect of these upgrades on the present system, we have assumed that the available output power increases by somewhat more than a factor of two, from 1 kW per plane to 2.5; it is anticipated that with fewer splitters in the output circuit there will be less reflected power, and so the output tubes 2An alternate specification is 307t13 to 37t13; the ramifications of this alternative are discussed below.
can be run closer to their maximum output rating of 200W (a total output power of 3.2 kW). We have also assumed ideal notch filter performance, Le. no degradation of the signal and a noise bandwidth reduction of the full factor of 2.
We consider four basic cooling systems: a 2-4 GHz system using the present set of electrodes but with upgraded electronics referred to above, a similarly upgraded 2-4 GHz system using the new type of bi-planar3 detector [2] (effectively twice the number of detectors in the present system), a 4-8 GHz system employing more or less conventional striplines (again, twice the number of detectors in the present system) which, to distinguish it from the bi-planar system, we will refer to as "uni-planar',4, and a 4-8 GHz system with a bi-planar detector (and hence four times the number of detectors in the present system).5
For reasons which will become apparent, we consider both 4-8 GHz systems at maximum power levels of 2.5 kW (the same output power capablity as the 2-4 GHz system) and 5 kW; despite the anticipated difficulty in producing a noise-reduction filter for 4-8 GHz, we have included the effect of such a filter for the 4-8 GHz system as well. We consider each system at intensities of N=1,4, and 8x1 0 7 ; even though this last level exceeds the maximum presently conceived intensity, we felt it prudent to examine it so as to ensure that the choice of cooling system would not preclude utilizing such an intensity increase. The remaining system parameters used in our calculations are listed in Table 1 . In addition, a list of the assumptions made in the calculations (some of which have already been stated in the text) is presented in Appendix I.
A summary of the results of the calculations is presented in Table 2 , where the cooling times from an initial (full) emittance of 207t to emittances of 77t, 47t, and 27t are tabulated for each of the cooling scenarios. Along with the times, the corresponding values of Glim/Gopt are presented to show the paints at which the cooling system ceases to be power-limited. More detailed results, showing all of the calculated quantities at a number of intermediate ernittances, as well as the results for an initial (full) emittance of 307t, are presented in Appendix II.
Several observations are worth noting. Firstly, the 2-4 GHz systems cease to be power-limited at emittances below 77t; hence little further improvement can be effected by further increasing their power capabilities. In contrast, the 2.5 kW 4-8 GHz systems remain power-limited down to nearly the smallest emittance; hence we felt it reasonable to calculate the effect on their performance of an additional doubling of the output power to 5 kW.
As antiCipated, the bi-planar 4-8 GHz system outperforms the parallel plate system by roughly a factor of two throughout, by virtue of having twice as many electrodes (which, as noted above, doubles its performance in both the power-limited and non-power limited regimes). What is perhaps more surprising, is that even for the highest planned intensity (Le. N = 4 x 10 7 ), this advantage enables the 2-4 GHz bi-planar system to yield cooling times comparable to those obtained with a 4-8 GHz parallel plate system having the same total output powerS. In fact, in the 3i.e., a detector capable of sensing motion in both transverse planes simultaneously.
4Fermilab has recently developed a design for a 4-8 GHz detector [3] , employing striplines arranged in two parallel arrays in order to achieve adequate lateral coverage of the beam, which they feel can also be used as a bi-planar detector, although its performance appears inferior to the corner detector of Ref. 1 . We have adopted the "uni-planar"l"bi-planar" designations as a way of avoiding the separate issue of which design makes for a superior bi-planar detector. SOur initial models of the bi-planar corner detector appear to show that the longitudinal loop separation can be reduced to the point that the longitudinal loop density can be increased by possibly as much as 40%; however to keep our estimates conservative, we have neglected this factor in our calculations. 6The comparison is most favorable to the uni-planar system for the smallest final emittance; at this point the system is no longer power-limited, and is therefore able to realize the full advantage of the higher operating frequency. Such small emittances are generally achieved only relatively late in the cooling cycle. absence of notch filters at the higher frequency, the 2-4 GHz bi-planar system would outperform the 4-8 GHz uni-planar system! There are two disappointing notes. The first is that even assuming the availability of a 4-8 GHz notch filter, the bi-planar 4-8 GHz system will require a doubling of the (already upgraded)output power to 5 kW in order to achieve the desired emittance cooling within the required (.75 sec) time. The second is that were one to increase the debuncher acceptance to 301t, as is being considered at present, the final emittance achieved after the same total cooling time (assuming the detector can be scaled) would be 41t, consistent with the failure of power-limited systems to scale, as noted earlier. It is true that the calculation was somewhat conservative in neglecting the increased longitudinal packing density which this design appears to permit. On the other hand, this may be offset by in the fact that possible adverse effects from non-linear response and the larger betatron phase advance spanned by these arrays have been neglected. .::. :~~£
APPENPIXI
Below are listed the characteristics of the cooling systems that have been assumed in the calculation of cooling times.
2.5 kW output power is attainable when the number of TWT's is doubled.
An ideal notch filter (factor of two reduction in noise bandwidth; no signal loss) is available at both 2-4 GHz and 4-8 GHz.
Electrodes are not plunged.
Effects of non-linearity in (position) response are ignored.
For the bi-planar arrays, the following additional assumptions are made:
No performance reduction due to combining signals over 60° of betatron phase advance.
Increased longitudinal density of biplanar electrode structure relative to existing electrodes is ignored
The aspect ratio of bi-planar arrays can be changed without affecting their sensitivity.
Signals from bi-planar arrays having different aspect ratios can be combined without penalty.
A20 Qlcm-perr-module transfer impedance in both planes is assumed.
